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1. Let p be an odd prime.
(a) Show that -1 is a square modulo p if and only if p = 1(mod 4).
(b) Show that 2 is a square modulo p if and only if p = £1(mod 8).
(c) Use the law of quadratic reciprocity to compute the following Leg-
endre symbols: [5+10+10=25]
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2. For n > 1, let F,, denote the Fermat Number 22" + 1.
(a) Show that for m # n, F,, and F}, are relatively prime.
(b) The 7(x) denote the number of primes < z. Use part (a) to prove
that there is a constant ¢ > 0 such that m(z) > cloglogx for all x > 2.
(c) If p is a prime dividing F}, then show that p = 1(mod 2"*!).

[8+8+9=25]

3. Let G be the set of all multiplicative functions f : N — C which are
not identically zero.
(a) Show that G, equipped with Dirichlet convolution *, is an abelian
group.
(b) Show that G has no non-identity element of finite order. [12+413=25|

4. (a) State and prove Euler’s product formula for the Riemann Zeta
function.
(b) Use part (a) to prove that the sum of reciprocals of all the primes
is infinity. [15+10=25]



